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Abstract. This paper proposes an approach to the stable solution of the output transformation problem, based on 
random projections and QR-decomposition. The behavior of the error and its components depending on the projection 
matrix dimension is experimentally investigated. For a randomized method of solving discrete ill-posed problem, the 
dependence of the error on the dimension of the projection matrix is investigated. 
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1 Introduction  

The problem of reconstructing the true signal of the object based on the results of indirect remote measurements often 
occurs in technical systems. The signal of the object undergoes distortions due to the interactions with the environment 
and the detection system. The results of indirect measurements of environmental objects form the signal image of the 
observed object that is used to restore the true signal. This problem exists in signal processing applications in various 
fields: geophysical exploration, spectrometry, revealing the presence of some chemical elements in objects, medical 
diagnostics (imaging, tomography), nondestructive testing, remote monitoring. 

When the signals of the observed object are reconstructed based on the results of the indirect remote measurements, 
it is necessary to solve the inverse problem. The matrix which characterizes the interaction of the signal with the 
environment has a large condition number, its singular values gradually decrease to zero, and the vector of the right-
hand side of the equation is usually distorted by additive noise. Under such conditions, this is a discrete ill-posed 
inverse problem. It is known that its solution as least squares problem on the basis of pseudo-inverse is unstable. In 
order to overcome the instability and improve the accuracy of solution of discrete ill-posed problems, regularization 
methods have been proposed. Existing methods of regularization, such as Tikhonov regularization, are computationally 
complex. 

This necessitates the development of alternative approaches to the solution of discrete ill-posed problems, which 
should provide accuracy comparable to the accuracy of Tikhonov regularization, but at a lower computational cost. 

Another common problem related to the restoration of signals based on the results of indirect measurements is the 
following one. There is a linear measuring system; its measurement result is a vector corresponding to some input 
signal. The known matrix of input-output linear transformation describes the interaction of the measured signal with the 
environment and peculiar properties of measuring devices. The matrix columns can be considered as discrete samples of 
the basis functions of the linear system. 

The set of basis functions reflects the properties of a particular measurement system, so it can not be arbitrary. 
Accordingly, the observed output may not meet the user's requirements, or may not be compatible with the further 
processing methods. If one knows the set of basis functions which would provide the output with the desired properties, 
one can set the task of finding the transformation of the observed output into the output of the system with the specified 
basis. Existing methods for output transformation [1] focus on the case when the linear transformation matrix of the 
original system and the covariance matrix of the noise are not rank deficient. 

projector, random matrix, regularization. 
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If the matrix of the original system has a high condition number and its singular values gradually decrease to zero, 
the solution obtained by the known methods is unstable. Therefore, the task is to develop stable and computationally 
efficient methods for transformation of the output of a linear system into the output of the system with the specified 
basis.  

In this paper, we develop an approach to the development of randomized methods based on random projections, 
which allows speeding up implementations and ensures the stability of solutions of discrete ill-posed inverse problems. 
For a randomized method of solving discrete ill-posed problem, the dependence of the error on the dimension of the 
projection matrix is investigated.  

The solution of the output transformation is obtained using the QR-decomposition. For this case, decomposition of 
the signal reconstruction error into components is carried out and the dependence of the error components on the 
dimension (the number of rows) of the projector matrix is experimentally investigated.   

2  The linear least squares problems and discrete ill-posed problems   

Many applications of mathematics, physics, data analysis, etc. require finding an approximate solution of a system of 
linear equations:  

y, (1)  

where the matrix A N?N  and the vector N  corrupted  by additive noise N, =y0+

 

are known. The  signal 
vector  N  must  be  evaluated.  

If the matrix A  has a full rank and is well-conditioned, an estimate of x'  by the method of least squares can be 
obtained by solving the normal equations [2], for example, using Cholesky decomposition. When the matrix  A  is rank 
deficient, or is ill-conditioned, the solution based on the QR-decomposition can be used for x'  evaluation. When the 
matrix is very ill-conditioned, singular value decomposition (SVD) is used to obtain a robust estimate of x'. The idea of 
getting a robust estimate of x'  based on singular value decomposition is the following: if the spectrum of the singular 
values has a sharp drop, and the singular values after it are very small, they can be considered as noise and eliminated 
by the use of a threshold.  

In the case when  contains noise, singular values i of  gradually decrease to zero,  has a high condition number 
max/ min, the task of   estimation is called discrete ill-posed inverse problem [3]. Truncation of singular values does not 

work in discrete ill-posed problems, since, as noted above, there are no breaks in the series of singular values and the 
numerical rank is not defined.  

To overcome the instability and hence to improve the accuracy of solutions, regularization is used [2,  3]. 
Regularization imposes some restrictions on the solution that improve its stability - for example, the small l2-norm of 
the solution ||x'||2. The classic method of regularization is Tikhonov regularization [2]. Defects inherent in the methods 
of solving discrete ill-posed inverse problems based on Tikhonov regularization, are the high computational complexity 
and the difficulties in selecting the proper regularization parameter on which largely depends the stability of solutions. 
Therefore, alternative approaches to the inverse discrete incorrect problem are needed with the accuracy on the level of 
Tikhonov regularization, but with lower computational complexity.  

Recently researchers working in the field of numerical methods of linear algebra have been used the idea of 
randomization to obtain fast algorithms for solving least squares problems, matrix factorization, principal component 
analysis, etc. The approach of randomization can be used to solve the discrete ill-posed problems. While in the existing 
approaches randomization aims to accelerate computation, it can also be used to stabilize solution of discrete ill-posed 
problems. We develop an approach to solving a discrete ill-posed inverse problem [4, 5], which uses a projection 
version of randomized algorithms for approximation of matrices [6].   

3  Reconstruction of the true signal using an orthogonal random projection 
For solutions based on the projection approach, let us multiply both sides of the original equation (1) by a matrix 
Rk

k?N, and obtain the equation:  

Fkx = bk,  Fk = Rk , Fk
k?N, bk= Rk , bk

k. (2) 

Let us consider a matrix G N?N, the elements of which are the realizations of a random variable with a normal 
distribution, zero mean and unit variance. The matrix R is obtained as a result of eigen decomposition G=R RT, where 
R N?N  is an orthonormal matrix, 

 

is a diagonal matrix. The matrix Rk is obtained by selection of k first rows of the 
matrix R. 
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Signal estimate  based on pseudo inverse is obtained as: 

'k = Fk
+bk. (3) 

The expression for the mean-square reconstruction error of the true signal when projecting by a random matrix Rk is: 

ek =E ||(Fk
+Fk 

 
I)x||2 + E ||Fk

+Rk ||2 + 2 E (Fk
+Fk 

 
I)x, Fk

+Rk . (4) 

As 2 E (Fk
+Fk 

 
I)x, Fk

+Rk  = 0, and E ||Fk
+Rk ||2 = 2 trace (Rk

TFk
+TFk

+Rk) 

ek = ||(Fk
+Fk 

 

I)x||2 + 2 trace (RkRk
T Fk

+TFk
+). (5) 

Let us consider the dependence of the stochastic component of the solution error of discrete ill-posed problem on the 
number of rows of the projection matrix Rk. Given the fact that RkRk

T = I, the stochastic component of the error is:  

e1 k = E ||Fk
+Rk ||2 = 2 trace (Fk

+TFk
+). (6) 

To investigate the dependence of the stochastic component of the error on k, we need to write the expression for e1k 

in a recursive way. Using the disturbance representation of pseudoinverse matrix (F+
k) through a perturbation of the 

original matrix (Fk=Fk-1+Ek) proposed in [7], we obtain a recursive expression: 

kdk

kk
kk c

cB
FF , kkkkk MMFFB 11 , (7) 

where Mk = Fk
+Pk Ek Zk Fk-1

+, Pk = FkFk
+, Zk = Fk-1

+Fk-1, dk= tk
Ttk, tk = Fk

+Pk Pk-1 . 

Respectively: 

kd
trace

kd
tracee

k

kkkkk

k

kk
k c

cMMFF

c

cB 1122
1 . (8) 

Note that the matrix Bk has positive diagonal, as diagonals of 11 kk FF  and kk MM

 

are positive. Element dk is positive.  

From the expression (7) it follows that the matrix kk FF has a positive diagonal and recursively changing sub-

matrix Bk. Consequently, the value of the stochastic component of the error increases with increasing k. 

Let us consider the dependence of the deterministic component of the solution error of discrete ill-posed problem on 
the number of rows of the projector. The expression for the deterministic component of the error is as follows: 

xFFxxxxIFF kkkkke
2

2 )( . (9) 

In order to investigate the dependence of the deterministic component of the error on k, let us write the expression for 
e2k in a recursive way: 

)()( 2/12/1
11112 xNNxxFFxxxxNxxFFxxx kkkkkkkke , (10) 

where Nk is square diagonal-symmetric matrix:  

Nk=Fk
+EkZk-1 . (11) 

Since 02/12/1 xNNx kk , the value of xFFx kk

 

increases with increasing k, and the value of the deterministic 

component of the error ( xFFxxx kk ) decreases.  

Another case investigated by us is reconstruction of the signal based on the pseudo-inverse using QR-decomposition of 
the matrix Gk . In this case, the estimation of the signal x is obtained as: 

'Qk= (Qk
TA)+Qk

Ty, (12) 

which Qk, Rk are obtained by QR -decomposition of the matrix Fk=GkA=QkRk. As a result of projection, the 
components of solution error take the following form: 

eQk = 'Qk x = (Qk
TA)+Qk

Ty 

 

x = (Qk
TA)+Qk

T(Ax+ ) 

 

x = ((Qk
TA)+Qk

TA 

 

I)x + (Qk
TA)+Qk

T . (13) 
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The components of the error:  

e1Qk = ((Qk
TA)+Qk

TA  

 
I)x, e2 Qk =  (Qk

TA)+Qk
T . (14) 

Let us write the expression for the mean-squared reconstruction error of the true signal. Given that (e2Qk) = 
2trace(Qk(Qk

TA)+T(Qk
TA)+Qk

T)) = 2trace((Qk
TA)+T(Qk

TA)+), the expression for the mean-squared reconstruction error 
of the true signal is as follows:  

e Qk = ||((Qk
TA)+Qk

TA  

 
I)x ||2 + 2 trace((Qk

TA)+T(Qk
TA)+).  (15) 

For the reconstruction error of the true signal obtained using projection matrix (R  or Q), we have constructed the 
dependency of bias and variance norm, as well as the total error, on the matrix dimension k. An example of these 
dependencies for discrete ill-posed problem of Phillips [8] at the noise levels of 1E-2 1E-3 1E-4 is shown in Fig.1-2.  

When k increases, the bias norm decreases, and the variance norm increases, so that the total error norm has a 
minimum. Such a behavior of these dependencies is typical for the model selection problems, where the model of 
optimal complexity provides a minimum of error. Such a behavior of the error occurred for all investigated ill-posed 
inverse problems with the noise level above a certain minimum [4].  

Thus, to obtain a solution with a minimum error it is necessary to use a projection matrix with the dimension k close 
to the optimum. However, determination of the optimum value using the error dependence on k has only theoretical 
interest, because the error expression includes true solution vector that is not known for practical problems. To select 
the dimension k  of the projection matrix, at which the error is close to the minimum in the real world situation (i.e., 
when the exact solution is unknown), we suggest [4] using various types of model selection criteria. The dimension k  
is then chosen at the minimum value of certain criterion.  

Now let us consider another problem often met in practice, when the observed signal at the output of a measurement 
system does not meet user needs, or is not compatible with the methods of further processing. In this case, one may 
consider the task of transforming the vector output into the desired output of the linear system. Let us consider the 
problem and the method of the output transformation.   

4  The problem of output transformation   

Let the signal b be obtained from the output of the linear system  that performs transformation  

Ax +  =  b, (16) 

where A

 

m n, x n, b  m, and  
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Fig. 1. The dependency of the solution error ek and its 
components on k  

Fig. 2. The dependency of the solution error eQk  and its 
components on k  
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Ax = b0. (17) 

Denote as d0 the output of linear system  carrying out the transformation 

Cx = d0. (18) 

To obtain the solution, i.e. the estimation of the output of 

 
by b, first let us obtain an estimate '

 
of input 

 
by 

solving the inverse problem:  

' = P b, (19) 

where P is the operator (matrix) which transforms the output b into '.  

Then, let us obtain an estimate of the output of C: 

d'= C ' = C P b = Tb. (20) 

Thus, the operator CP transforms b into d'. The transformation matrix T=CP is called the reduction matrix in [1]. 
The specific form of P depends on the properties of the matrix . 

We develop stable methods of the output transformation for the case when the matrix of the original system has a 
high condition number and its singular values gradually decrease to zero.  

5 The transformation of the output vector using random projections  

In [9], we proposed and studied an approach to the stable solution of the output transformation problem based on 
truncated singular value decomposition. In this paper, we consider an approach to a stable solution of this problem 
using a random projection. Let us obtain an estimate of the input signal ' for a stable approach to solving a discrete ill-
posed problem using randomization in which the projector a matrix Q is obtained from F=GA=QR. 

Multiplying both sides of (1) by the matrix we obtain the expression:  

QAx = Qb, (21) 

where QA k n, Qb k. The number of columns n is determined by the dimension of the matrix A, the number of 
rows k is not known a priori. We obtain the solution of the least squares problem (21) using the pseudoinverse matrix 
(QA)+ as: 

' = (QA)+Qb. (22) 

Using (22), the estimation of the output d' of the system  is done as follows: 

d' = C ' = C(QA)+Qb = Tb, (23) 

where T = C (QA)+Q. 

Let us write the expression for the vector of the output transformation error in case of projection by Q, using as ' its 
estimation by (22) 

d' 

 

d0 = C(QTA)+QT(b0 + ) 

 

C

 

= C((QTA)+QTA 

 

I)

 

+ C(QTA)+QT . (24) 

Given that QQT=I, 2E C((QTA)+QTA I) ,C(QTA)+QT =0, (C(QTA)+QT )= 2trace(Q(QTA)+ CT C(QTA)+QT), we 
obtain the following expression for the mean square error of the output vector transformation when projecting by the 
matrix Q: 

e=E || C((QTA)+QTA 

 

I)

 

||2 + 2 trace((QTA)+ CTC(QTA)+). (25) 

For the output transformation error obtained in case of using the projection matrix (R and Q), let us construct the 
dependencies of bias, variance, and the total error norm on the dimension k  of the matrix. 

For numerical investigation, let us form the matrices A and C so that the columns contain N samples of radial basis 
functions: fn(z)=exp( g(z )2), =dn+b, (d=5, b=20), z={1, ,100}, n is the number of the n-th basis function. For the 
original linear system g = 0.05, for the system C, g=0.3. The components of x in the experiments were as follows: x5=1, 
x6=0.5, x10=1, x11=0.26, x12=0.25, other components of x were zero. The vectors b0, d0, were obtained as Ax, Cx, 
respectively. As for the noise, we used random variable with the Gaussian distribution and deviations (noise levels) 
{5 -4, 5 -6, 5 -8}.  
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Examples of the obtained dependencies for projection by matrices G and Q are shown in Figures 3, 4.  

It can be seen that for the output transformation using the projection by the matrices Q  and G  the dependency of e on k 
has a minimum at k<N. With the increasing noise level, the position of the minimum is shifted to lower values of k, and 
the error at the minimum increases. The optimal number k of the projection matrix rows should be considered as one at 
which the mean square error of output transformation is minimal.   

6  Conclusion  
For a randomized method for solving discrete ill-posed problem, we provide the results of the analytical study of the 
error components of the true signal reconstruction. We show that as the number of rows of the projection matrix 
increases, the deterministic component of the error decreases and the stochastic component increases. The results of 
numerical experiments illustrate this fact.  

For the approach to the stable solution of the output transformation error based on QR-decomposition, we obtained 
expressions for the components of the output transformation error, as well as the results of an experimental study of the 
behavior of the solution error and its components vs the dimension of the projection matrix. The output transformation 
based on QR-decomposition, provides a sufficiently accurate and stable output transformation of the linear system into 
the output of the system with the specified basis for the case when the matrix of the basis functions of the original linear 
system has a high condition number and its singular values gradually decrease to zero.  
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Fig. 3. The dependence of the error e on the projector 
dimension k for the method using the projector G  

Fig. 4. The dependence of the error e on the projector 
dimension k for the method using the projector Q. 
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